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Errots in a Magic-Tee Phase Changer*

RAYMOND M. VAILLANCOURTY

Summary—This paper recalls the basic properties of a magic-tee
and how it can be used as a linear phase changer. An analysis of the
symmetrical magic-tee phase changer is made, which shows that non~
linearities of the phase shift and amplitude modulation are second
and higher order effects caused by small mismatches of the structure.
Also, some qualitative comments are made on the errors of an asym-~
metrical phase changer. Measurements on a phase changer as-
sembled from ordinary laboratory equipment show that the phase
shift is linear to better than 1°,

INTRODUCTION

HE PRINCIPLE of operation of the ideal magic-
tee phase changer! is readily understood from a
consideration of the properties of a magic-tee.
Many microwave structures have the properties of a
magic-tee?? but for the sake of simplicity, the most fa-
miliar device, 4.e., the side outlet “E” and “H” plane tee
is used to visualize the principle of operation. The side
outlet tee shown in Fig. 1, which is assumed to be sym-

Fig. 1—Side outlet “E” and “H” plane arm tee.

metrical with respect to the plane which contains the
axis of arms 3 and 4, is called a magic-tee when the
structure is completely matched, 7.e., when a matched
load is seen looking into any one of the four arms if the
other are terminated in reflectionless loads. For this
case, the total power a generator feeds into any one arm
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couples in equal amounts into the two adjacent arms
and not into the opposite arm. If a generator is con-
nected to arm 4, the coupled waves into arms 1 and 2
have the same phase in planes equidistant from the sym-
metry plane, but are 7 radians out of phase if the genera-
tor feeds arm 3. Now, if two variable short circuits are
inserted into arms 1 and 2 at a distance L;, and L.
=L+ (Ag/4) respectively from the symmetry plane, all
the power going into arm 4 will appear at the output of
arm 3. The wave launched at input 4 splits into two
equal and in phase waves in arms 1 and 2. Because
arm 2 is Ag/4 longer than arm 1, these two waves are
reflected back in the symmetry plane with a phase dif-
erence of 7w radians and will cancel each other in arm 4
but reinforce each other in arm 3. If the lengths of arms
1 and 2 are both increased by AL, the total path length
of the structure has changed by 2AL, and the phase of
the output wave in arm 3 has changed by (2AL/Ag)2x.

It should be added that the variable short circuits can
also be inserted in arms 3 and 4 instead of arms 1 and 2
and will give a similar relative phase change of the out-
put in arm 2 when arm 1 is connected to a generator.

Ten independent equations are available to fix the
relationship between the 16 parameters required to de-
scribe the behavior of an unmatched and asymmetri-
cal hybrid tee. The relations between the various pa-
rameters are not linear, and solutions for the dependent
parameters in terms of a suitably chosen set of six inde-
pendent parameters are practically untractable. On the
other hand, for an unmatched symmetrical tee, only
nine parameters are required, and three of them can be
chosen independently.

The resulting simplification is such that an analysis
of the errors in the linearity of the phase change caused
by reflections is possible. Thus the main part of this pa-
per is concerned with the analysis of the errors in a sym-
metrical hybrid tee phase changer. Some qualitative
remarks on the effects of small asymmetries are made
at the end of the paper. Experimental results on a typi-
cal phase changer assembled from commercial com-
ponents are also included.

SCATTERING MATRIX OF SIDE-OUTLET TEE*

The reference planes in each arm (see Fig. 1) are
chosen far enough from the junction to be out of the dif-
fraction field. It is assumed that only the fundamental
Hio mode can be propagated in the waveguides and that
the guides have the same uniform cross section and
negligible losses.

¢ C. G. Montgomery, “Technique of Microwave Measurements,”
McGraw-Hill Book Co., Inc., New York, N. Y., sec. 9.2; 1947,
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The amplitudes of emergent and incident waves are
related as follows:

by S Sz Sz 514_] a1

by _ S Saz Sz Sz f] ae . 1)
bs S3 Sz2 Sz Saa|] as

ba Su S Su Su 04_‘

a, and b, are so normalized that [anl 2 and | bnl ? are re-
spectiveiy proportional to the incident and emergent
power at terminal #. Since the structure is assumed
lossless, its scattering matrix has the properties of a
unitary matrix, i.e.,

4
Z S1JSSJ*
=1

The application of these conditions to the scattering
matrix (1) together with the reciprocity conditions

1 fori=-zs

= 2
0 fori#s. @

S = S, i, 4, =1,2,34 (3)

gives 10 independent equations. But in general, S,,
= Umn+jVmn, and hence there are 20 unknown pa-
rameters, Without loss in generality, the four reference
planes can always be chosen so that the diagonal ele-
ments S,» are pure real numbers.? This choice of refer-
ence planes reduces the number of unknown parameters
to 16. This implies that at least six unknowns must be
measured to evaluate all the others. The above proper-
ties of the scattering matrix will be used in the analysis
of the magic-tee phase changer.

AnaLysis oF Macic-TEE Puaseg CHANGER

Consider a tee with variable plungers inserted in arms
1 and 2 at 6, and 6: electrical degrees from their respec-
tive reference planes. If a generator is connected to arm
4 with arm 3 terminated in a matched load, it follows
that

a = — b0
de = — bzé’igiez
as = 0 (4)
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where
A = (14 Spe720)(1 4 Sppe2i%2) — Spp?e~2i0rtb) - (6)

Any actual tee should have very little asymmetry in
order to have a simple calibration law when used as a
phase changer. Assuming perfect symmetry makes the
analysis possible and yet gives a good theoretical insight
to the actual performance of a good magic-tee phase

changer.
From symmetry considerations it follows that
Saz = — S S22 = Su
S24 = Su Sae = 0. (7

Sz must be equated to zero since, for the Hiq mode of
propagation, the electric field distribution in the cross
sections of arms 3 and 4 are asymmetrical and sym-
metrical respectively and hence there is no coupling be-
tween these arms. Substitution of (7) in (5) and (6)
gives

— @sS13S14(€720 — g7 210)

T Sute et ev T (o = Same

bs

The phase and amplitude of b;/a4 can be evaluated from
(8), but simpler expressions follow without loss in gen-
erality if the diagonal elements of the scattering matrix
are made pure real numbers. The Appendix gives the
derivation of |Sw|, | S|, and | Su| as functions of Uy,
1733, and U44, i.@..

1 — Usys? 1~ Uy?
1513}2:_"‘—2 H 1 141“=—*2,“
Uy = o = Uii'g H
U
U + Usg?
Vig? = ® 2)& — Un? — U

Substituting these values in (8) the phasz of b3/a4 is

then expressible as
b3 kg
{‘“=¢0“<91+02——“>—¢ 9)
ay 2

where

[U11(sin 20, + sin 20,) + « sin 2(6; + 62) + B cos 2(01 + 6e) |

¥ = tan"! —

and the expression for d; as a function of a, is
by = as [534 - % [S1aS1ae—2 " - SaySage 217
+ (—512513524 - 512S14SQ3 + 513514522
+ 523524511)6_21(0”0”}] (%)

% Montgomery, Dicke, and Purcell, op. cit., p. 149.

[1 -+ U1i(cos 26, + cos 202) + « cos 2(0; + 0;) — B sin 2(6, + 85) }-

with
a = Uy — U+ Vig?
and
B = 2U13V 2.

The constant phase angle ¢, is the phase of S1351.. The
modulus of b3/ay is given by
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(10)
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b3 _ 2|S13‘ lSM[ ISin(el‘—eg)l
2l {(1 — &)+ B+ 4U1 cos (B, — 6a) cos (B + 62)

-+ 4[[COS 61+ 62) + Uyy cos (0, — 92)][05 cos (6; + 6;) — B sin (6; + 02)]]}1/2

Substitution of #;=60,4+(x/2)+¢, (¢ is a small angular
error which may arise in the initial setting of the plung-
ers in arms 1 and 2) in (9) and (10) gives

b3
{';=¢0—(291+15)“‘¢1=¢ (11)
4

Since «? and (8?2 are small quantities of fourth order, the
square root is of second order and hence the modulation
amplitude v/a2+ g2 of the output is of second order. The
output varies at twice the rate of the phase shift of the
principal wave. For the particular values of Uy, Uss,
Uy used above the modulation of the output is 1 per

where cent.
et Uiilsin 20; — sin 2(8; + #)] + asin 2(26, + ) + B cos 2(26 + )
Yo = tan 1 4 Uys[cos 26, — cos 2(; + #) ] — a cos 2(26 + £) + B sin 2(26; + ©)
bs
a4

2(513[ [.5‘14{ cos !

(12

The third term, ¥y, of (11) is a contribution of second
order provided ¢, Uy, Uy, and Vg are small. Moreover,
if ¢ is a small error, its variation 8 with plunger setting
will be of second order. Thus to a second order of ap-
proximation, the phase of 83/a4 is a linear function of 8,
since ¢, is constant. The extrema of the third term
should be very near and of the order of magnitude of
those obtained for the case t=0. For t=0

a sin 46; + B cos 46,

Vi N 4 Boin 40, (13)
and Y1 has extrema for
1 1 2
0, = Zcos‘1 {tx + B[m — 1] } . (14)

To give an order of magnitude of the expected error due
to ¢y, let Un=Us= Uu=0.1 (this implies a residual
vswr = 1.22) and ¢ max>~0.57°, When =0

2| Sus| | Sul
{1+ a2 -+ B — 20 cos 40, + 24 sin 49, } 1/2

bs

‘2

1 amae ]
= 2] S1s] | Sl {1——2“(042+B2)+\/a2+62
& 6 .
.[WCOS‘H?] —mz sm461:|_}_ .. .}
~ 2] Su| Sul [t + VT F B cos (46 + ¢)  (15)

where

¢1 = tan™! B/c.

{(1 — &)+ B°+ 4Uysin ¢ sin (26, + £) -+ 4[sin (20; -+ &) 4+ Uy sin ¢]{a sin (26, + £) + B cos (26, + t)]}l/z'

EXPERIMENTAL VERIFICATION

To use a side outlet tee as a phase changer it is neces-
sary to match it reasonably well (vswr<1.3) and to
have the plungers in the “through” arms respectively at
6, and 6,490 electrical degrees from the symmetry
plane.

For narrow-band operation, traveling screw tuners
may be used in the “E” and “H” plane arms. A residual
vswr~~1.03 is readily obtained provided the load termi-
nations in the other three arms have small “phasable”
reflection coefficients. Long tapered wood loads which
can be slid in the waveguides do very well.

To fix the respective locations of the plungers in the
“through” arms, one reflectionless load termination of
the through arms is replaced by a plunger and the posi-
tion of one minimum of the electric field in the input
slotted line is measured. Repeating the same experiment
for the other arm with another plunger gives the differ-
ence in the electrical length of the two through arms,
From this result and the measure of the guide wave-
length (not the slotted guide wavelength), one of the
two plunger arms can be made 90 electrical degrees
longer than the other.

Because the structure was not perfectly matched, the
locations of the electric field minima in the slotted line
were averaged for open and short-circuit conditions at
the output by moving the output plunger a quarter of a
guide wavelength away from its initial position for every
setting of the plungers in the through arms.

The results of the measurements are shown in Table 1.
The maximum variation of the incremental phase shift
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TABLE 1

2L,

o é A
0.000 0.00
0.254 19.6 19.6
0.508 39.5 19.9
0.752 58.8 19.3
1.016 77.9 19.1
1.270 97.7 19.8
1.524 117.5 19.8
1.753 137.3 19.8
2.032 156.8 19.5
2.286 176.4 19.6
2.540 195.8 19.4

f=9193+5 mc.

FAgs=2.32740.002-cm wavelength in the guide.
aAgp=2.340£0.005-cm wavelength in the slotted line.
vswt for “E” and “H” arms=1.03
2L, =incremental path length of the through arms.
¢ =relative phase shift in the slotted line.
A¢=incremental phase shift in the slotted line.

is within 0.8°. The estimated maximum error in the
plunger setting Z; is +0.001 cm and in the location of
the field minimum =0.005 c¢m. Thus the estimated
maximum error in ¢ is +0.4°. In view of this limited ac-
curacy in the measurements it would seem that the
phase shift was linear to better than 0.8°.

CONCLUSION

It has been shown that the symmetrical magic-tee
makes a lossless linear phase changer whose phase
linearity is affected to a second order for reflection co-
efficients equal to or less than 0.1.

The {act that isolation between the “E” and “H”
plane arms is not infinite although usually greater than
40 db ( ISM[ <0.01) introduces additional errors. This
coupling is caused by a certain amount of asymmetry
for which Sy may be considered as a measure. Reference
to (5)—(7) shows that when the tee is not perfectly sym-
metrica’i, S5:%0 and the term (513514522—!—523524811
“*812513324—‘512514523) does not Completely cancel. ThlS
term may however be expected to be small for slight
asymmetry since it does cancel for a symmetrical tee.
The main effect of small asymmetry is then to introduce
two additional terms the order of magnitude of which is
0.02 and varying in phase with respect to the dominant
term Si3S14(e7291 —¢~%%2) in the numerator of (8). The
dominant term has a magnitude of approximately unity,
so the beating of these terms could be expected to pro-
duce an additional phase error of around + tan—! 0.02
or +1.14° if both perturbing terms add in phase. Thus
a maximum phase error or departure from linearity of
2° may occur if all the errors add in phase and are 90°
out of phase with the dominant wave. The experimental
results show that in practice errors of less than 1° can be
obtained using commercially available magic-tees.
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APPENDIX

Since [S] is unitary, it follows that
Un®+ !512l2+ IS13,2+ 1514|2= 1 (16)
2’31312—}- Ui =1 (17
2’514|2+ U442= 1 (18)
Un(Su* + Sw) — [Sul*+ [Sult=0 (19
S18¥(U11 — S12) + S13Us = 0 (20)
S1* (U + S12) + S1sls = 0. (21)

These six independent equations have nine unknown
variables. It is then in general necessarv to know the
values of at least three of them to solve for all the
others, Because the diagonal elements are the reflection
coefficients measured in the four reference planes, they
seem an appropriate choice of values to use.

From (17)

1 — Us?
| Sig [ = == (22)
From (18)
1 — Uye?
| Sufr = — (23)
2
From (19)
(]442 - U332
St + 512* = T .
Now
SlZ = U12 + jV12y
Sz + Swe* = 20U 19,
and hence
U 2 U 2
Up = 2 7%, (24)
40Uy
Substitution of (22) and (23) in (16) gives
Uss? 4 Uys?
| Swa |2 = —33—2i — U (25)
But
l Stz ’2 = Ups? + Vis? (28)
whence
Us? + Ul
Vi? = 2 9 44 — Uy~ Ug? (27)
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